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Error Bounds for Compound Quadrature of Weakly
Singular Integrals

By Alan Feldstein* and Richard K. Miller**

Abstract. This paper studies the convergence of numerical quadratures of singular
integrands. The singularities are ignored in the sense that whenever a singularity occurs
the integrand is redefined to be zero. Several convergence theorems are proved under the
assumption that the integrand can be dominated near each singularity by a monotone,
integrable function.

1. Introduction. The primary purpose of this paper is to develop and analyze
some practical numerical methods for handling weakly singular quadrature, that is,
for [;f(¢) dt where f is Lebesgue integrable on I (so-called “improper integrals”). We
also extend this development and analysis to the case where some derivative of f is
Lebesgue integrable and has finitely many unbounded points on I. We shall be
particularly interested in obtaining “best” possible order estimates for compound
quadratures.

It is known (although possibly not well known) that Peano’s theorem can be
applied to analyze the error in “low continuity” numerical quadrature, for example,
[2¢'2dt approximated by the trapezoidal rule:

Let h > 0, Nh = T, E(T) = error. Then

T
B = [ #dt = h{v/h+ V2h+ o+ V(N = Dk + §V/NA,
0
By Peano’s theorem, cf. e.g. Sard [1, p. 14],
T
ED = [ 307k a,
(1]

where K(¢) = (j + $)h — ton jh < t < (j + Dh. Apply the Holder inequality with
1/p+1/g=1andl1 S g< 2

1 T iy }1/«{ T }1/»
< = /214 P .
izl = [ e af | 1xor
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(Clearly, |t~ is integrable for 1 < ¢ < 2.) Now, use the definition of K{(#):

T h h/2
f | K@ dt = Nf |h/2 — t|” dt = 2Nf £ dt
0 0

0

@N/@ + 1)H/27" = (hN/( + D)H/2)
= {T/ + D}®H/2). i
Therefore, ||K]||, = {T/(p + 1)}*(h/2). Since

T
[ 1 a = 2/¢ -y,
0

then

IIA

(h/4){ T/(p + 1)}1/0{2/(2 _ q)}l/aTl/c—l/a
= TV + 1)7{2/2 — 9} (/9.
One could proceed further and analyze the constant
k@) = @ + D7{2/2 — 9},

subject to 1/p + 1/g = 1,1 < q < 2. One can conclude (by very tedious manipula-
tions) that k(q), for 1 < g < 2, takes on its minimum at ¢ = 1. In this case, k(1) = 2.
Hence, the minimum estimate on |E(T)| by this application of the Holder inequality
to Peano’s theorem is

|E(T)|

|E(D)| £ (\VTh)/2  (h = T/N).

Although this estimate is optimal (in the above sense), it is overly pessimistic, because
one can show that E(T) = 0(h*?). This can be seen in Example 2 in Section 3 below.
Indeed, with a little extra care, one can sharpen the result in Example 2 to show that

tSHVEM St +4  (h=T/N).

This then clearly demonstrates that applying the Holder inequality to Peano’s theorem
may possibly yield substantially less information than is desirable.

In Section 2, we shall show how Peano’s theorem and the Holder inequality can
be applied in general to singular quadrature questions. In particular, we generalize
the first type of analysis presented above for [%¢'/°dt where E(T) = 0(h). In Section 3,
we shall refine our analysis to obtain better information. In particular, we generalize
the second type of analysis alluded to above for the case [%¢'/*dt where E(T) = 0(h*®).

The drawbacks for the usual Holder-Peano approach become even more exag-
gerated for [%¢ '*dt where the integrand itself has a weak singularity. Since the
hypothesis of Peano’s theorem requires absolute continuity and since f() = #~/* is
not even continuous at zero, Peano’s theorem cannot be applied directly. In Section 4,
we show how this situation can be remedied. We propose a simple modification of
the usual compound quadrature rule which we call the method of “avoiding the
singularity.” We then establish general error bounds along with convergence rates
for this numerical quadrature of weakly singular integrands.

The use of Peano’s theorem to obtain error estimates for quadrature of functions
with low continuity is known. For example, Stroud [2] has recently studied certain
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aspects of this method. Numerical quadrature of singular functions has also been
studied. Davis and Rabinowitz [3] establish various convergence theorems with
interesting lim inf results which were extended by Rabinowitz [4]. Gautschi [S] applied
some of the work of Rabinowitz and obtained convergence theorems for two
quadratures of interpolatory type. In none of these papers are error bounds explicitly
given, although, for example, the proofs in [2] may be used to obtain certain estimates
(see [2, line (3.7)], and the proof of Theorem 3). All of these results require that the
integrand be monotone in a neighborhood of the singularity. Fox [6] gives some
error bounds for singular quadratures. His work is very special and does not seem
to generalize.

The main results of this paper predict rather slow convergence rates for weakly
singular numerical quadratures. Various numerical experiments verify these predic-
tions. Moreover, there may be no advantage in using a better rule (e.g. Simpson rather
than trapezoid); see [7, p. 77] for a striking example of this. If one knows enough
about the integrand, it may be possible to change variables or otherwise to eliminate
the singularity; see for example [7, pp. 72-73] or [8, pp. 346-352]. In other cases, one
might wish to use special numerical quadrature methods which are specifically
designed for particular singular integrands. Two examples of such methods are
given in Atkinson [9, Sections 2.1 and 2.2] and Schweikert [10].

In Section 5, we apply our results of the earlier sections to the question of singular
quadrature in the convolution case. This work in particular will be used in its full
generality by the authors in a sequel paper which studies numerical solution of
weakly singular Volterra integral equations of the form

x(r) = f(6) + f a(t — s)Gx@E)ds (=2t =T)
0
where f and G are smooth but a(f) may be singular at ¢ = 0; (a() = ¢ /?).

2. Basic Estimates. Consider an approximate quadrature rule defined on the
standard interval, 0 < ¢ =< 1:

J

(R) R() = D wif(x,),

i=0

with error

E(, R) = f 1) dt — R().

It will always be assumed that the abscissas x; satisfy the inequalities 0 <
X, < X1 < -++ < x; £ 1. In addition, we shall assume some or all of the following
hypotheses in the sequel:

(A1) f & C*'[0, 1] where n = 1 is a fixed integer and f*~*’ is absolutely continuous
on0 == 1.

(A2) E(p, R) = 0 for all polynomials p(¢) of degree = n — 1.

(A3) The weights w; are positive for j = 0(1)J.

(A4 f € C*'[0, T]and "7 is absolutely continuous on [0, T7.

The symbol j = 0(1)J means j = 0, 1,2, --- , J. The integer n = 1 in hypotheses
(A1) and (A2) has the same fixed value.
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For any subinterval 7 of the real line, let x,(f) denote the characteristic function
of the interval I, that is

x(®) =1 if t&1,
=0 if t& I
For our purposes, the following special case of Peano’s theorem will suffice; cf.
[1, p. 14].
THEOREM 1. Assume the rule (R) together with hypotheses (A1) and (A2). Define
f) = (¢ — 9" x10.0(®/(n — 1)

for 0 < s, t £ 1 where n is the integer given in (A1)~(A2). Then the error E(f, R) may
be written in the form

1
) E(f, R) = f ™ (5) Ko(s) ds

where K (s) = — E(f,, R)for0 = s = 1.
The function K,(s) can be explicitly calculated when R and n are known. For
example, if R is the midpoint rule, then J = 0, w, = 1 and x, = §. Forn = 1,
K(s)= —s if0=<s<},
=1—5 ifdss<1.

In the general case,
k
@ Ky(s) = (—1'/nl + 2 wile; = 9" /(n = 1!

when x;, < s < Xuer. If Xo > 0 or if x; < 1, then similar formulas may be obtained
for the intervals 0 < s < x, and x; < s < 1. In particular, (2) shows that K, is of
class L?(0, 1) for all numbers p in the interval 1 £ p = . Therefore, Theorem 1 and
the Holder inequality imply the following result.

COROLLARY 1. Assume the hypotheses of Theorem 1. If { & L*(0, 1) and if

1/p + 1/q = 1, then

1 1/p 1 1/q
3) |E(f, R)| = {f | Kals)]® ds} {f If ™ )| ds} 1<g< »)
0 0

with similiar formulas for the cases q = 1 and g = .
In order to simplify the notation, introduce the L” norms

B 1/p
4) Hillpca,my = {-/4 H{G] dt} (1=p< »)

and a similar norm when p = + . When (4, B) is the standard interval (0, 1), then
the interval designation will be dropped. Thus, one has

1 1/p
“4.1) | Kall, = {_/; | K. dt} 1=2p< =)

and
4.2) [| Kalle = max{|K.(s)]: 0 < s = 1}.
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In this notation, (3) reads
lEG, B = 1Kl 11 -

In general, the calculations of the L” norms of K, may be difficult if 1 £ p < =.
Since the number ||K,||= is easy to obtain numerically, then it may be convenient to
use the estimate ||K,||, £ ||K,||-. If this is not sufficient, then it is possible to obtain
a universal estimate under the additional hypothesis (A3).

COROLLARY 1%, Assume the hypotheses of Theorem 1. If { & L0, 1) and
1/p + 1/q = 1, then

(39 |EG, B = [|Kall 117 [la = 11 Kallw 117l
If in addition (A3) is true, then ||K,||. < (n + 1)/n! .

Proof. Only the last statement neegs further proof. Assumptions (A2) and (A3)
imply that >/, w;, = 1. For k = 0(1)J and for s in the interval x, £ s < X441,
Eq. (2) implies that

k
|Ka(®)] S 1/00 + D wi/(n — 1)

i=0

II\

< 1/n! + (JE w;)/(n — I = (n+ 1)/n'.

i=0

If x, > 0, then |K,(s)| £ 1/n! < (n + 1)/n! in the interval 0 £ 5 < X,. Similarly, if
x; < land if x;, £ 5 < 1, then |K,(s)] = (n + 1)/n!. Q.E.D.

These basic results are easily extended to general intervals and to compound rules.
Given an interval a < ¢ < a + B, one can use the transformation r = a 4+ Bt to
compute

a+B 1 J
f F(r) dr = Bf F(a + Bf)dt = B Y, w;F(a + Bx,).

=0

For example, if (R) is the midpoint rule R(f) = f(3), then one can replace B by 4 and
write

a+h
f F(r) dr = hF(a + h/2)
in the usual way. If (R) is Simpson’s rule, then we think of B = 2k and write
a+2h
[ Fw ar = (/3 F@ + 4F@ + B + Fa + 20},

COROLLARY 2. Assume (A2) is true, F € C" '[a, a + B] and F™ " is absolutely
continuous on a < t < a + B. Then all the following statements are true.
a. The error E = [**® F(t)dt — B Y], w,F(a + Bx;) may be written in the form

a+B s — a
E = B f K,,(—-B—)F(”)(s) ds

where K,(s) is the function given in Theorem 1 above.
b. If F” € L(a,a+ B), if 1/p + 1/q = 1 and if ||K,||, is the L* norm of K,
over the interval [0, 1] (see (4.1)), then

a+B 1/a
|E|§B"““’|1Kn||,{f |F<"’<s>|“ds} .
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c. If, in addition to the hypotheses listed above, (A3) is also true, then
a+B ' 1/a
|E| £ B"'"(n + 1)/n! {f |F*™(s)|° ds} .
Proof. By Theorem 1 above

1 J
E = Bf F(a + Bt)dt — B ), w;F(a + Bx,)
) 1=0

Bf K.(s){d"F(a + Bs)/ds"} ds

1
= B! f K.(s)F™(a + Bs) ds
1]

i

a+B s —a
B" f K,.(—B—) F™(s) ds.

This proves a. Part b follows from part a and a change of variables:

a+B - ? 1/» 1 »
{j; K.,(iB—a) ds} = {‘/; | K.(s)|”B ds} = Bl/’” Kall,.

Part c follows from b since ||K,||, < ||K.||l- < (n + 1)/n!. Q.E.D.
Now, consider a compounding of the rule R over an interval 0 < ¢ < T. Let
T = NB where B > 0 and where N is an integer larger than one. If R is compounded

N times over [0, 77, then

N-1 J
(N X R) N X R(f) = 2, { Bw;f(Bx; + kB)}-

k=0 =0

Let Ex(f) = [ f(r) dt — N X R(f) be the error.
COROLLARY 3. Suppose (A2) and (A4) are true. Then all of the following statements

are true:
a. Ex(f) = [T (DR .(t) dt where R (1) = K(t/B — k)onkB < t < (k + 1)B.
b. Iff"™ &€ L0, T), 1/p + 1/q = 1 and ||K,||, is defined as in (4.1)~(4.2), then

|Ex(H] £ BT || Kul Lo 1f™ oo 1o -
c. If in addition (A3) is true, then
Ex(D] < {B"T"(n + D/n}f*" |leco.m -

Proof. Write the error in the form

N-1 kB+B J
Ex(h) = > { f f(r) dt — Z Bw,{(B(x; + k»} ,

k=0 B

and then apply Corollary 2a:

N-1 kB+B T
EO=2 B[ (UOK/B-Kd=F f 17O Ru(o) dt.
k=0 kB Y
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Since K, (?) is periodic of period Bon 0 < ¢ < T, then

T B 1
f |K.()]” dt = N f | K. (t)|” dt = NB f | K.(0)|” at
0 0 0

T{|| Kall}”

r (m) [ 4y]2 Vel rt » /e
\ [1™ ()| at ) | R.(0)|" dt

= ”f(")”a(O.T)Tl/’HKn”v*

If (A3) is true, then ||K,||, £ ||K,||l- = (n + 1)/n!. Q.E.D.
Example 1. Consider [3¢'/? dt approximated by the trapezoidal rule. In this case,
B=hT=Nh=1,n=1and K,(s) = 3 — sontheinterval 0 < s < 1. Therefore,

1 1 1/2 1
f | Ky(s)|” ds = f 3—sds = f  —sPds + f |3 — s|® ds
0 V] ) 1/2

Il

Therefore,

B™" |Ex(f)|

IIA

|
_ f’ @ ds 4+ fom @ ds = 27 + 1),

Since f'(f) = (2tV*)' € L(0, 1) for 1 £ g < 2, then Corollary 3 implies that
1 1/q
|EN(t1/2)I =+ l)‘“’{f Q%™ dt}
&) ’
= 12" (0 + D72 — g)7V%}

forl < g< 2 1Ifg=1,then
1

©) B < ad) [ @ dr = /2,
0

Part ¢ of Corollary 3 implies an even more pessimistic estimate |Ex(t'/%)| < 2h.
Section 3 will produce estimates which are 0(h**).

3. Refined Estimates.

Definition 1. A function f is said to be weakly singular of order v if and only if

a. fE CO, Tlifv =0orfE C0, TI N C'(O0, T]ifv = 1,

b. for each ¢ > O the function {”(¢) is absolutely continuous on the interval
e<t=T,and

C. the function a, defined by

T
@ att, = @]+ [ o) ds

is of class L'(0, T).

For any integer N = 0, let WS(») denote the set of all functions f which are weakly
singular of order ». For example, if 0 < r < 1 and T = 1, then f(f) = log ¢ and
g(?) = sin (") are in WS(0). In these two cases, ao(t, f) = —log t and a1, 8) = .
In general, f(f) = ", 0 < r < 1, is of class WS(») so that each class WS(») is not
empty.
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LemMA 1. If f € WS(), then | (t)| £ a,(t,f) on the interval 0 < t < T. Moreover,

a,(t, f) is nonincreasing in t.
Proof. Fix f in WS(»). The absolute continuity of f** implies that

T
10 = 17 = [ 10 s
for any ¢ in the interval 0 < ¢ < T. This formula and (7) imply that
T
10l = 117 + f 1" 2@ ds = (e, )

when0 < ¢t = T.
From (7) it follows that «, is absolutely continuous on ¢ < ¢ £ T and that

g;av(t. N=—=li""M =0 ‘ae.

Thus, ¢, is nonincreasing on the interval ¢ < ¢ < T. Since ¢ > 0 can be made arbi-
trarily small, the proof is complete. Q.E.D.

THEOREM 2. Suppose (A2) is true for some integer n = v + 1 where v = 1. If
f &€ WS(v) then the error Ex(f) obtained by applying the compound rule (N X R)
satisfies the inequality

B
® B S B [t drll Kolla + [ Kunallal
In particular, if (A3) is also true, then
B

® |Ex()l = B'G" + 3v + 3)/( + 1) { _/; a,(t, f) df}'

Proof. Write E = Ey(f) in the form

B J
E= { fo @) dt — z_‘a Bw,.f(Bx,)}

T-B N-2
+ { f f(t + B) dt — Z Bw;f(B(x; + (k + 1»)}-

Apply Corollary 3b to the first summand with n = », ¢ = 1, and to the second
summand withn =v 4 1,9 = 1:

B
v ) »+1
21 s 2UE{[ 120 a + o {f

Now use (7) and Lemma 1:

T-B

lf(r+l)(t + B)I dt}‘

B
Bl SBIK . [ al D d+ B Kallale(B, D = alT, D)
0
Since a,(¢, f) is nonnegative and nonincreasing in ¢, then

B
Blav(B, f) — au(T, Y} < Bar(B, §) < f at, ) dt.
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Therefore (8) follows. The estimate (9) follows from (8) and the inequality
[|Kile = (n + 1)/nl. Q.E.D.

Example 2. Consider [yt'/* dt approximated by the trapezoidal rule. (The same
example as at the end of Section 2.) Then B=h,T =1 = Nh,n = 2,v = 1 and

Ki(s) = 3§ — s, Ka(s) = s(s — 1)/2.
It is easy to compute a,(f) = 17/* and [Ba,(f) dt = h"*. Therefore, (8) implies that
|En("%)| S h{% + 3}10'7° = §0°°.
Even less computation is required to see that (9) implies
|Ex()| < A2

Either result shows that the error is of order 0(#**) as A = 1/N — 0. The estimates
in Section 2 were 0(h).

Theorem 2 above cannot be applied if the integer 7 in hypothesis (A2) is equal to
one but f & WS(v) for some integer » = 1. However, such situations are already
covered by Corollary 3 above. For example, if the midpoint rule M is applied to
f() = #/%, then, by Corollary 3, the error is O(h"*). The reverse situation » = 0 and
n = 1 is more complicated. This situation is the topic of the next section.

4. Estimates when » = 0. If f € WS(v) and » = 0, then ¢ = 0 may be an un-
bounded point of f. In this case, the compound rule (¥ X R) need not be well-defined.
Even if (N X R) is well-defined (e.g. if rule R is open at ¢ = 0), the previous estimates
do not apply. One simple method of handling both of these problems is to avoid the
singularity at ¢ = 0. This idea leads to the following approximation rule:

Let T = NB where B > 0 and N > 1 is an integer. Compute

N-1 J
RAT, f) = 2, {E Bw;f(x;B + kB)}

k=1 =0

and let E,(f, N) = error.

Rule R, will be called the method of “avoiding the singularity.” This rule is the
usual compound rule except that no attempt is made to approximate on the initial
segment [0, B].

THEOREM 3. Suppose (A2) is true for n = 1. If { € WS(0) then

) B
(10) Bl WIS {1+ KL} [ aote, D ar,
In particular, if (A3) is also true, then
B
an \Ea(f, N)| < 3 f aolt, f) d.

Proof. Define fg(f) = f(t + B)on 0 £ t £ T — B. Then the error E; = E (f, N)
has the form

B
E( = f #t) dt + Ey-(fa),
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where E(g) is the error for the usual compound rule. Apply Corollary 3b with
n=gq=1

B T-~-B
B0 = [ 10]d + BlIKI. [ 1wrora

B T
= [ ol e+ BiKl. [ 170l

Use Lemma 1 and the definition (7):

B B
[ ot s [ agpa,
0 ]

and

[ 1701 @ = a3, p — T, 1

B
< (1/B)Bao(B, f) < (1/B) f aolt, 1) dt.

This proves (10).

If (A3) is also true, then [|Ki|l« = (1 + 1)/1! = 2. Therefore, (11) follows
immediately from (10). Q.E.D.

Example 3. If f(t) = 77, 0 < r < 1, then it is easy to compute ay(t,f) = "
Theorem 3 predicts E, = 0(B* ") as B— 0. If f(¢) = ¢ " sin (¢”"), where 7, » > 0 and
r + v < 1, then, by Theorem 3, one has at least E, = 0(B'™"""). If f(¢) = ¢ " sin (log ?)
where 0 < r < 1, then E, = O(B'™"), at least.

5. Convolution Integrals. Consider a convolution integral
T T
12) I= fo (T — 5)g(s) ds = j; f()g(T — s) ds.

THEOREM 4. Suppose (A2) is true for n = v + 1. In addition, assume

i. f € WS(v) wherev = 1 and

ii. g& C[0, TI N C**Y(0, TYwith g”*V & L0, T).
Define F(t) = f()g(T — t)on0 =< t < T. Let L > 0 be a bound for each of the functions
1)), 1g®l, 1g€@Dl, -+ , |87 (t)| on the interval 0 < t < T. Then the error Ey(F),
obtained by applying the compound rule N X R to F, satisfies the estimate

|En(F)| = LB'(|| K llo + || Kpialle)

{f: &, ) dt + B f:( g @) + Z( ) fm(S)') ds}

where (¥) = kl/ji(k — ).
Proof. For any number s in the interval 0 < s = T, one has

FOE = Su- 1)( )f"” "©)e"(T — ).

i=0
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Therefore, if L is the bound defined above,

IF*@)] S L{Z‘, (” * ‘) |f"“'"’(s)|} + L1g"@ - 9)l.
This shows that F € WS(») and
w5 e+ L[ {s70@ - o1+ 5 () ool
Apply Theorem 2:
BB S BIK] + 1 Kenllo) [ " alt, By dt
< LB(IK |l + [ Knll)

{f: a,(t, ) dt + f: f‘T (lg"“’(T -9 + Zd: (" T l) |f"’(s)|) ds d:}.

By nonnegativity and Fubini’s theorem,

e v+ 1
f f (|g‘”"(T -9+ X ( i ) |f”’(s)|) ds dt
[} s i=1

LBLT(---)dsdt= forf:(-u)d:ds

B fo T(lg(';")(sﬂ + Z: (” i l) |f"”(s)|) ds. Q.E.D.

i=1

IIA

The next set of results follow immediately from Theorem 4.
COROLLARY 4. Suppose the hypotheses of Theorem 4 are true. Pick any number
M, > 0 which satisfies the estimate

b
(13) b= le a,(t, f) dt 0O<b=D.
]

Then |Ex(F)| £ MB’ [} a,(t, f) dt where
M = L(|Kle + || Kyall=)

T 4
.{1 won [ (e + 50 o) ds}-

COROLLARY 5. Suppose the hypotheses of Theorem 4 are true. For any integer
N > 0let B = T/N and define

(14)

iB
L= [ 1B - 9d 0= 10N,
Let E; be the error in approximating I; by the compound rule (j X R). Then .
B
Els MB [ a@pa  G=10W,
0

where M is the constant defined by (14). In particular, M is independent of N = 1
and of j = 1(1)N.
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A similar analysis is obtained when » = 0. ,
THEOREM 5. Suppose (A2) is true for n = 1. Assume f € WS(0), g is absolutely
continuous on 0 < t < T and L is a bound on |g(?)| for 0 < t < T. Define

FGs) = {(&)e(T —s) (O<t= 1.

Then, the error E,, obtained by applying the method avoiding the singularity to F,
satisfies the estimate

T B
£ 01 s @+ Iz + [ w0l @) [ p ar
0 o
Proof. Since F'(s) = f/(s)g(T — s) — {(s)g'(T — s), then F € WS(0) and
[F'@®)| = L]+ /)] 1g'(T = )]
= LI|f®)| + aols, N |g(T — 9)|
on 0 < s < T. In particular, then
T
alt, ) S Lot D+ [ alss D) 18 = 9] ds.
Apply Theorem 3:

B
Bl < @ + ||1<1||.m>fo aolt, F) dt

B B T
sa+ ||K1||,,)(L [ aote, 9 ar + / f‘ a(s, ) 12T — 9)] ds dt)-
Since ay(t, f) is nonnegative and monotone in #, then

B T B T
[ [ atnlg@—olaas [ aen[ &#a—slda
[} ¢ 0 ¢

< ( fo " ot ) dt)( fo 12Ol ds)~ Q.E.D.

COROLLARY 6. Assume the hypotheses of Theorem 5. For any integer N > 0, let
B = T/N and define

iB

I; = . f)gGB — s)ds  (j = 1(1)N).
Let E,(j) be the error obtained in approximating I, by the rule R,. Then
T B
1 s @+ 1K1+ [ 1801 a) [ ae
0 0
where L is the bound defined in Theorem 5. (This estimate is independent of N and j.)
6. Numerical Examples. The results in Sections 3 and 4 were verified by
numerically integrating the function f(f) = «¢® sin (¢*) for various values of the

parameters o, @ and b with —1 < @ < 1 and 0 £ b < 1. These computations were
performed on a CDC 6600 computer at the Lawrence Radiation Laboratory, U. S.
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Atomic Energy Commission. They were designed and implemented with the help
of Dr. Fred Fritsch.

Some computations were recomputed in double precision. The numerical evidence
obtained in this way suggests that round-off errors had no effects on the calculations
over the full range of values of 4. Experiments were made using both the method of
“ignoring™ the singularity (see [3]) and the method of “avoiding” the singularity
(Section 3 above). “Avoiding” is easier to handle theoretically while ““ignoring” was
a bit easier to program. Ignoring gives slightly better accuracy for monotone in-
tegrands while avoiding may be a bit better for oscillating integrands.

Table 1 contains results for the integral

(15) 1=(1+a)ft"dt=l,

for the value a = —1%. Simpson’s rule was employed with 2 = 27" and k = 1(1)15.
The constants C(#) in Table 1 were computed by putting the error in the form
E(h) = C(W)h'**. Then

(16) C(h) = E(n)/n**°.

These values of C(k) appear to be converging as 2~ — 0. As a second check on the
possible asymptotic form of the error, one can assume that E(h) = C.h° (at least
asymptotically). Then p may be calculated using the formulas

_ E(h) — EQh) _logQ
an O =Enw2 - En’ "~ log2

(One can also calculate C, in this manner.) The last column in Table 1 is computed
using (17).

TaBLE 1. f(£) = .75¢%°

k Error C p

1 —.36655 —.61645

2 —.21663 —.61271

3 —.12847 —.61112 .76609
4 —.07631 —.61045 .75692

5 —.04535 —.61016 .75293
6 —.02696 —.61005 .75123
7 —.01629 —.61000 .75052

8 —.00953 —.60997 .75022

9 —.00567 — .60995 .75009
10 —.00337 —.60996 .75004
11 —.00200 — .60996 .75002
12 —.00119 — .60996 .75001
13 —.00071 — .60996 .75000
14 —.00042 —.60996 .75000

15 —.00025 —.60996 .75000
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Table 1 indicates slow but monotone convergence. The error appears to have the
form E(h) = C(h)h** where C(h) — C, = —.60996 -- - as h — 0. This general be-
havior is typical of the integrand (15) for 0 < |a| < 1. For example, if a = .75 in
(15), Simpson’s rule gives much more rapid monotone convergence:

S(27% = .99956, S(27'% = .99999 88, S27'%) = .99999 9997.
In E(h) = C(h)h""°, the corresponding values of C(#) are:
c(2"% = .1878, c@27'%) = .2145, Cc(27'®) = .2265.

The values of C(h) appear to be converging rather slowly. If a = —.99 in (15), then
Simpson’s rule hardly appears to converge:

SQ27% = .039, SQ7°) = .072, SQ7'%) = .104.
On the other hand, the constant C(%) in the error term converges rapidly:
C(27") = .994438, C(27%) = .994287,
C(27% = .994284, Cc(@2™*) = .994238,
C(27% = .99423 596, C(2™%) = .99423 534
and

CQ™*) = —.99423 5131 for k = 10(1)15.

TABLE 2. f(f) = ¢ % sin (£ %)

k 2*XT

1 .8666 6 1.5951 11 1.5103
2 1.1810 7  1.5696 12 1.5211
3 1.3948 8 1.5319 13 1.5157
4 1.5252 9 1.5034 14 1.5102
5 1.5867 10 1.4975 15 1.5164

Table 2 contains results (using the trapezoidal rule) for the integral
1
(18) Ib) = f 7% sin(t™") dt
o

where b = .25. Convergence is very slow and is not monotone. No asymptotic
formula E(h) =~ C,k" is discernible using either of the two tests (16) and (17). On the
other hand, for the small value & = .01 convergence is monotone at a rate E(h) =
C(h)l** where C(h) is a slowly varying function of A:

C(27") = 1.286, C(Q7°) = 1246, C(7"°) = 1.228.
At the opposite extreme b = .49, convergence is very slow

T(2™% = .9477, TR = .9972, TR ") = 1.0232,
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convergence is not monotone and no approximate asymptotic error formula is
apparent.

Remark. The exact value of the integral I(b) is a bit complicated to compute.
A simple change of variables may be used to put (18) in the form

(18" I(®) = b7* f WY sinudu = b7'SU, —(2b)7Y),
1
where
Six, y) = f W sin u du

is Bohmer’s generalized Fensel integral (see Bateman Project [12, Volume IIJ). The
series

_ . y_1r _ © (_l)mx2m+l+u
56 =T S“‘(z) Z Gm + 1+ HGm + 1)

works fairly well if y is not a negative integer. For example, only a few terms of this
series are necessary to compute 1(.49) = 1.023006. When y is a negative integer, one
can utilize the expansion

S(x, y) = x"{P(x) cos x — Q(x) sin x}

where

m—1

P(x) = 2 (— D)1 — @)eux > + O(|x| >,

m=0

0x) = X (=™ = @)pm_rx”>™ + O(x| ™73,

m=1

and (@), = I'(n + a)/T(a). For example, this expansion and a quadrature yield

10
I1(.25) = 4[ u® sin u du + 4S(10, —2) = 1.51412.
1
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